Abstract. This work provides a design and optimization method for total internal reflection (TIR) lenses based on slope-error tolerance analysis. This work focuses on how the slope error impacts the central luminous intensity (CLI) of a TIR lens. The concentration standard index (CSI) is introduced as a metric for analyzing the CLI, both locally and globally. A unique design method for improved manufacturing tolerance is introduced, and a way of optimizing the TIR lens design in order to achieve a better slope-error tolerance is presented by evaluating the CSI. Using the design method, a TIR lens is fabricated and this theoretical approach is then demonstrated by a comparison between the tested contours of the TIR surfaces.
Introduction
Collimating optics has been widely used in light-emitting diode (LED) lighting to generate light beams with small beam angles and high central luminous intensities (CLIs). As the luminance of LEDs is low compared with some discharge luminaries, it is acceptable to sacrifice some luminous coupling efficiency in order to guarantee a sufficient amount of luminous intensity in ultracompact devices in many applications, and we can refer to this as the "maximized luminous intensity problem," for which CLI is regarded as the primary attribute of interest. 1 The total internal reflection (TIR) lens is one of the most widely used collimating optical devices for small beam angles and high CLIs; it has several desirable features such as a high concentration ratio with respect to its compact volume, a vast amount of design freedom, and a convenient manufacturing process for mass production. 2, 3 Previous work on TIR lenses has focused on producing novel designs, optimizing performance (in terms of efficiency and viewing angle [4] [5] [6] [7] [8] ), achieving a uniform irradiance distribution, [8] [9] [10] and achieving a uniform color distribution. 11 Optimizations of initial parameters for better efficiency and CLI with different extended light sources were reported by Chen, 12 and the effects of an extended LED light source on the efficiency and CLI of TIR lenses were studied by Chen 12 and Kari et al. 3 In fact, there is an extreme of the CLI, as every infinitesimal surface on the exit pupil has no more than a single ray emitting toward the center as a result of luminance conservation and Etendue conservation. In theory, it is not complicated to achieve the maximum CLI by the methods recommended by Parkyn, Shen, and Chen, [13] [14] [15] [16] as each ray from the center of the LED was designed to emit in the collimation direction so that the luminous intensity always reaches the maximum theoretical value for a light source of any size. As a result, it is not theoretically difficult to optimize the CLI in the design stage. However, manufacturing tolerance is very weak in collimators with high concentration ratios. For this reason, manufacturing tolerance has become an important obstacle in achieving impressive TIR lenses with high CLI and the most compact sizes. Deviations in the manufacturing process may result in installation errors and manufacturing defects of the optical surface; this has been discussed by González-Montes et al. 17 However, slope error, when compared to position error, is the main influence on manufacturing tolerance, 18 and should be considered in the design stage. Until now, there have been no quantitative analyses concerned with how the slope-error distribution impacts the performance of certain LED collimators. 7, 10, 17 This paper provides another perspective on TIR lenses designed for concentrators with high concentration ratios from the perspective of manufacturing tolerance. More specifically, this characterization of TIR lenses focuses on the impact of slope error upon the CLI. An analysis of slopeerror tolerance is presented; this is followed by a discussion of the ways in which the TIR lens can be optimized to achieve a better slope-error tolerance.
Slope Error Problems in Total Internal Reflection Lenses

Total Internal Reflection Lenses Structure
Although different structures have been employed in TIR lenses, [4] [5] [6] [7] [8] [9] [10] [11] all TIR lenses are designed with mutual groups of surfaces, as shown in Fig. 1 . One of the groups includes two refracted surfaces (i.e., surface 1 and surface 2), which aim to focus rays emitted from around the optical axis of the LED into the collimation direction. The other group includes three surfaces: the incident surface to the light source located along the side of the lens, which is called the side incident surface (i.e., surface 3), the TIR surface (i.e., surface 4), and the exit surface (i.e., surface 5). Rays are divided into two categories, depending on which group of surfaces they encounter. The shape of every surface has a high degree of design freedom.
Analysis Model of Total Internal Reflection Lenses
According to the error transfer theory described by Winston et al., 19 it is evident that the two refracted surfaces cause much smaller beam deviations with the same slope errors than the other groups of surfaces because of the small error multiplier values they are associated with. For the same reason, the slope tolerance of the side incident surface and the exit surface is relatively higher than that of the TIR surface. For all of these reasons, the optimizations in this work only focus on the design of TIR surfaces. Without loss of generality, the exit surface (i.e., surface 5) is treated as a plane that is parallel to the x-axis. Furthermore, the slope error occurs in two dimensions, one dimension is the meridian plane and the other is nonmeridional. 20 As the slope error distribution other than that in the meridian plane may be complicated and it can be corrected by molding design and injection technologies without necessarily optimizing the optical designs, we only analyze the slope error in the meridian plane in this work to focus attention on the optical design and optimization for TIR collimators.
Finally, although the luminance is not uniform for real LEDs, we assume the Lambertian distribution in this study to focus our attention on the designs and the lens structures.
Central Luminous Intensity Decrease Mechanics
The beam deviation caused by slope error can be analyzed by cone theory. If a "maximized luminous intensity problem" is considered, as the rays impinging toward the center do not deviate when exiting from the plane exit surfaces, the exit surface is not taken into consideration as it does not impact the slope error tolerance characteristics. As a result, the mechanism by which the CLI decreases as a result of slope error is shown in Fig. 2 . If slope error increases so that rays "leak" from the cone angle, there is not a single ray impinging toward the collimation direction, and the CLI in this case becomes zero.
Concentration Standard Index
We propose an evaluation method based on an index referred to as the general concentration standard index (GCSI) for LED collimating optical systems as follows:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 1 ; 6 3 ; 6 3 7 GCSIðθ; φÞ ¼ Iðθ; φÞ I max ðθ; φÞ ;
where Iðθ; φÞ is the luminous intensity in the direction ðθ; φÞ and I max ðθ; φÞare the maximum values. The GCSI can be used both in simulations and for experimental testing; furthermore, it is valid for evaluating entire surfaces as well as local, specific positions. For local optical surfaces, the local GCSI (GCSI L ) can be evaluated as the energy utilization toward the target direction of a local surface compared to the extremes of the same surface, which is formulated as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 2 ; 6 3 ; 4 9 8 GCSI L ðθ; φ; XÞ ¼
where L l ðθ; φ; XÞ is the luminance of the infinitesimal surface at point X toward direction ðθ; φÞ, and the L l;max ðθ; φ; XÞ is the maximum luminance for the same point. When we consider the "maximized luminous intensity problem," only the CLI should be considered so that the GCSI L is simplified to the local concentration standard index (CSI L ) in that E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 3 ; 6 3 ; 3 7 6 CSI L ðXÞ ¼ GCSI L ð0;0; XÞ ¼ L l ðXÞ∕L l;max ðXÞ;
where L l ðXÞ is the luminance contributed by the local TIR surface X toward the central direction, and the L l;max ðXÞ is the maximum value of the L l ðXÞ. For a uniform luminance distribution, the maximum CLI contributed by a local surface with area dS can be further derived from Fig. 2 for the Lambertian sources as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 4 ; 6 3 ; 2 8 2
where φ is the luminous flux of the light source, A 1 is the area of the light source, M L is the transmission efficiency, L s is the luminance of the ray actually impinging to the collimation direction, and r PE 1 and r PE 2 are two edge rays formed by the light source. We can hypothesize a limitation of this calculation, referred to as "equal luminance condition I" (ELC 1 ), whereby the luminance of the LED and the Fresnel losses are equal for all rays inside the same cone angle. In fact, ELC 1 can be always fulfilled for collimator problems with high concentration ratios because the transmission efficiency difference between the angles subtended by incident rays inside the cone angle and the side incident surface are negligible. The CSI L can be simplified from Eq. (3) with ELC 1 as follows so that: E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 5 ; 3 2 6 ; 7 5 2
where I L is the CLI contributed by the local TIR surface, and I L;max is the maximum value of the CLI for the same surface.
3 Concentration Standard Index Calculations of Total Internal Reflection Lenses The calculation of the CSI for a TIR surface follows the steps list below:
1. Cone angle derivation from the shape of the LED light source and TIR surface. The cone angle is only determined by r PE 1 and r PE 2 , which are reflected by the edge ray from R 1 ð−R 0 ; 0; 0Þ and R 2 ðR 0 ; 0; 0Þ, as shown in Fig. 2(a) . R th ðxÞ and L th ðxÞ are depicted as the right and left thresholds of the cone angle with the horizontal coordinate x on the TIR surface curve. It also can be viewed as the pin hole image width projected from position x. The values of R th ðxÞ and L th ðxÞ can be expressed as follows:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 6 ; 3 2 6 ; 5 1 3
where the minus sign of L th ðxÞ indicates that the angle subtended with the x-axis is greater than π∕2.
CSI L at local surface
We assume that the slope-error probability distribution follows a normal distribution ΔSðsÞ E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 7 ; 3 2 6 ; 3 9 5
where s is the slope error of the local surface, μ represents the fixed slope error which is mostly a consequence of the injection of plastic process, and σ is the standard deviation of the normal distribution.
With ELC 1 , we can derive the expected value of CSI L from Eqs. (5) and (7) 
3. CSI of the whole surface Considering the rotational symmetry of the TIR lens, according to Eq. (5) the relationship between the CLI of an entire surface (CSI) and its local value (CSI L ) is E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 9 ; 3 2 6 ; 1 7 4 CSI ¼
Optical Engineering 025103-3 February 2016 • Vol. 55 (2) 4 Total Internal Reflection Design for Improved Manufacturing Tolerance With traditional design methods, the TIR surface has always been designed based on the differential geometry method, so that every ray emitted from the center of the light source must be cast to the center to contribute to the CLI. 13, 15 We will refer to this as the "point source method." The angle subtended by r PE 1 and r PC is not necessarily equal to that subtended by r PE 2 and r PC , as shown in Fig. 2(a) .
We proposed an edge ray method in this paper which states that the edge rays of the light source R 1 and R 2 are considered according to the edge ray principle. The normal of every point along the TIR curve is determined so that the center of the elliptical bundle will be reflected to the collimation direction, as shown in Fig. 3 , whereas in the traditional method, the ray is reflected from the center of the light source to the collimation direction.
According to the modified design method, the angle between r PE 1 and r PE 2 is constant for the same point P on the TIR curve with the same light source and side incident surface. As the CSI L has a maximum value when the absolute values of R th ðxÞ and L th ðxÞ are equal, so that the lens designed by the modified method has an optimized slopeerror tolerance. Later in this paper, the analysis is based on the edge ray method in this section, without any special instructions.
Results and Discussion
The slope error in the tolerance analysis in the meridian plane consists of two components: fixed slope error and stochastic slope error. The fixed slope error can be formed either by shrinkage during the molding process or by B-spline fitting. 16 On the other hand, stochastic slope error is always caused during the process of manufacturing and is difficult to eliminate from mass production. 21 Considering the complexity of the program, the TIR surface is designed with a 0.1-mm x-coordinate increment of adjacent points. Later in this paper, we assume a fixed error of μ ¼ 0 to focus our analysis on the optical designs with optimized parameters.
We also hypothesize another limitation, referred to as "equal luminance condition II" (ELC 2 ), whereby the luminance of the LED and the Fresnel losses of the lens are comparatively equal for all rays impinging to the side incident surface. According to physical optics theory, the Fresnel loss is approximately a constant when the incident angle is less than Brewster's angle. As a large Fresnel loss can induce large dispersed rays and energy loss, it should be eliminated during design procedure. 22 In this work, we assume that when the maximum angle between the incident rays of the LED and the normal of the side incident surface does not exceed 62 deg, ELC 2 is always fulfilled, and LðxÞ in Eq. (9) is always a constant, and we have E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 0 ; 3 2 6 ; 5 8 7
where x start and x end are the x-coordinates of the starting point and the terminal point of the TIR curve, respectively.
Slope-Error Tolerance of the Total Internal Reflection Surface
Here we discuss the tolerance of a typical TIR lens. The tilt angle of the lens α ¼ 8 deg, n 0 ¼ 6 mm, w 0 ¼ 12 mm, the diameter of exit pupil Φ exit ¼ 60 mm, and the radius of the LED R ¼ 1 mm. The CSI L with different values of slopeerror standard deviation σ is also plotted in Fig. 4 . The result shows that CSI L is not equal to 1 anywhere if the slope-error standard deviation is larger than 0.4 deg. It is not complicated to derive the CSI of the entire TIR surface by Eq. (10) when ELC 2 is fulfilled. Figure 5 shows a CSI comparison between different design methods. The LED with a radius of R ¼ 3 mm is also discussed. The CSI Fig. 3 A sketch of the edge ray method of optimizing the tolerance for a TIR surface. The initial parameters include the tilt angle of the crosssection of the side incident surface (the inner curve) α; the distance from the bottom of the inner curve to the center n 0 ; the x coordinate of the starting point of TIR curve w 0 ; the diameter of the exit pupil of the collimator Φ exit . decreases rapidly with a standard deviation σ in the range of 0.3 deg to 0.8 deg with an R ¼ 1 mm light source. Even a stochastic slope error of 0.5 deg will induce 30% degradation in the CLI, which reveals a significant possibility for the loss of luminous intensity in mass production. For a larger light source, the CSI performance is much better due to the larger cone angle formed by the light source. We can see that there should be more concern for the manufacturing tolerance in collimating devices with a small light source.
The results also reveal that the edge ray method shows improved slope-error tolerance, although the difference is very small for the case of an LED whose radius is only 1/30 the size of the exit pupil aperture.
Optimization for Better Slope-Error Tolerance
We further optimized the parameters for slope-error tolerance; such optimization has been performed in the context of design performance 12 and size effect (which is defined as the reliability of point source approximations in compact LED lens designs) in simulations. 3 In this paper, the parameters which have been illustrated in Sec. 4 were optimized. A constraint upon the optimization is ELC 2 , and the results are abandoned when this condition cannot be fulfilled.
Optimization of the total internal reflection curve with a conical inner surface
In this section, the inner curve is a line. Figure 6 shows the CSI of the TIR surface with different tilt angles at the same starting points for both the inner curve and the TIR curve. The tilt angle ranges from 0 deg to 20 deg, with the same standard deviation of the stochastic slope error of σ ¼ 0.2 deg. The results show that there is little difference in the CSI with different tilt angles, although a tilt angle around 10 deg yields slight improvements and we can design the tilt angle according to considerations of manufacturing convenience and Fresnel losses. Figure 8 shows the impact of different starting points for the TIR curve on the CSI, with a starting point of n 0 ¼ 6 mm for the inner curve. We can see from Fig. 8(a) that when the starting point is near the light source, the CSI L at the bottom is better although it sharply decreases at the end. The optimal starting point occurs around w 0 ¼ 10.2 mm, as shown in Fig. 8(b) .
We can optimize the starting point of both the inner curve and the TIR curve, as shown in Fig. 9 . For the xand y-coordinates, we calculate the CSI for these parameters every 0.2 mm in order to optimize the performance. A standard deviation of σ ¼ 0.2 deg is chosen. From the results of Fig. 13 , the optimal starting point appears to be (9.2, 10.2). Figure 10 shows the CSI of the TIR surface with different exit pupil sizes using the edge ray design method. The diameters of the exit pupil Φ exit are 36, 48, 60, and 72 mm. The starting points of both the inner surface and the TIR surface are optimized according to the procedure in Sec. 5.2.1. The starting points are listed in Table 1 with a standard deviation σ of 0.2 deg.
Comparison of concentration standard index with different sizes of total internal reflection lenses
Optimization of different types of inner curves
The tolerance characteristics of different types of the side incident surface are also discussed. The starting points of both the inner curve of the cross-section of the side incident surface and the TIR curve are the same, with n 0 ¼ 6 mm and w 0 ¼ 12 mm for all shapes. The shapes of the inner curves include an arc, a line, an elliptical curve with a < b (where a and b are the semimajor and semiminor axes, respectively), an elliptical curve with a > b, two parabolas, and a convex curve. The shapes of the inner curves are shown in Fig. 11 , and the values of the slope error tolerances for each inner curve are plotted in Fig. 12 . The results show that the tolerance of the TIR lens was poor at the base of the TIR surface, better in the middle, and slowly decreased toward the top. The convex inner curve has the best tolerance for the TIR surface, with the second best being the line. This means that there still might be space for us to optimize the design in light of tolerance considerations for inner curves other than a line.
Experiment and Discussion
One TIR lens with Φ exit ¼ 60 mm and TIR surface designed with n 0 ¼ 5.89 mm and w 0 ¼ 12 mm was made, as in Fig. 13 . Measurements proceed using an LED light source ZH-H095G from Foshan Evercore Optoelectronic Technology with a measured flux of 601 lm. 23 The diameter of the lighting emitting surface (LES) is 6 mm. The photometric data of the candela distribution are shown in Fig. 14 . The full width at half maximum (FWHM) angle is 8.1 deg with a maximum luminous intensity of 15,140 cd. Figure 15 shows the one of the contours of the TIR surface measured by contour graph (Talysurf PGI Dimension 3 from Taylor Hobsom) and the designed model. The accuracy of the measure of profilometry is 0.3 μm∕mm. The fixed error μ i was secured by polynomial fitting as follows:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 1 ; 3 2 6 ; 1 2 0
The index is shown in Table 2 . The average value of μðxÞ is 0.3388, and the standard deviation of the slope error σ varies Fig. 11 Shapes of different inner curves in the calculation. These include an arc, a line, an elliptic curve with a < b, an elliptic curve with a > b, two parabolas, and a convex curve. Fig. 12 The tolerance of slope error with different types of inner curves. The convex inner curve has the best tolerance of the TIR surface, with the second best being the line.
Optical Engineering 025103-6 February 2016 • Vol. 55 (2) from around 0.4 deg to about 0.2 deg, as in Fig. 16 . We performed the CSI calculation using Eqs. (6)- (10) and compared the results in the simulation using Tracepro with 1 million rays, with the same luminary as that of Sec. 5 (i. e., a Lambertian disk with a radius of R ¼ 1 mm). The simulation was made by dividing the TIR surfaces into different ring elements, each of which had the same size as the corresponding section in the contour measurement. When one of the elements was calculated, the other rings at the TIR surface were assumed to be absorbing to record the photometric data. The Fresnel loss characteristics of the optical surfaces were assumed in the simulation. The comparison of CSI L between the calculated results and simulated results are shown in Fig. 17 . We define RMS uniformity D as follows:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 2 ; 6 3 ; 1 2 1 D ¼
where y c is the calculated value and y a is the simulated value received from simulating the measured contour. Using Eq. (12), we can calculate D to be 10.76%, which is quite small; in fact, the trend of the CSI L is identical between the simulation and calculation, so the model of the slopeerror tolerance's impact on the CLI (based on CSI theory) described in this work reveals impressive agreement with the simulation results. Comparing measured results through photometry measurements to the designed CSI L distribution can yield slope error information with the help of a CSI evaluation system.
Summary
TIR lenses as one LED collimators have been widely used and researched in the previous decades for the sake of performance optimization and compactness of design, despite the fact that scant research on manufacturing tolerances has been reported. This paper focused on the impact of manufacturing tolerance upon the CLI of the TIR surface and how to get better manufacturing tolerance through merit designs. First, the CSI was introduced as a metric for analyzing the performance of the CLI, both locally and as a whole, and the mechanism by which the CLI decreased was discussed; second, we introduced a unique design method to get better slope error tolerance; third, we optimized the initial parameters in the design to get a better CSI performance; finally, we fabricated a TIR lens by our design method and made a comparison between the tested contours of the TIR surfaces and the mathematical analysis and demonstrated the theoretical approach. We are hopeful that this work can be sufficient to involve slope error analysis other than that of the meridian plane as well as the nonuniform distribution. Moreover, this work can be used further in the optimization of other types of collimating lenses, and that the impact of stochastic slope tolerance on the FWHM angle and utilization efficiency inside certain angles will be researched further with the help of the CSI evaluation method. Furthermore, nonuniform luminance and Fresnel losses should be considered to improve the theory and to expand its applications. Fig . 16 Standard deviation of the stochastic slope error measured from different parts of the TIR surface. Fig. 17 Comparison of CSI L with calculated results and simulated results from the measured contour data. The simulation was made by dividing the TIR surfaces into different ring elements, each of which has the same size as the corresponding section in the contour measurement.
